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Abstract 
The total chromatic number XT(G) of a graph G is the least number of colours needed to 
colour the edges and vertices of G so that no incident or adjacent elements receive the same 
colour. This paper shows that if G is odd order and regular of degree d > [(&? - 1)/6]1 V(G)/, 
then a necessary and sufficient condition for XT(G) = d + 1 is given. This improves a recent 
result of Chetwynd et al. (1991). 
1. Introduction 
The graphs we shall consider are finite and simple. We denote the vertex set, edge 
set, maximum degree, minimum degree, chromatic number and chromatic index of a 
graph G by V(G), E(G), d(G), 6(G), x(G) and x’(G), respectively. We denote the 
degree of a vertex x in G by de(x). 
A famous result of Vizing says that for any graph G, 
d(G)<$(G)<d(G) + 1. 
If x’(G) = d(G), G is said to be class 1, and if x’(G) = d(G) + 1, G is said to be 
class 2. The subgraph induced by those vertices of maximim degree d(G) is denoted 
by GA and is called the core of G. For other terms not defined here, see [2]. 
A total colouring of G is a function 7~ : V(G) U E(G) + %T? where %? is a set 
of colours such that no adjacent or incident elements of V(G) U E(G) receive the 
same colour. The minimum number of colours for which there exists a total colouting 
of G is called the total chromatic number XT(G) of G. For any graph G, clearly 
XT(G) 3 d(G) + 1. Behzad [l] and Vizing [ 121 independently made the conjecture that 
for any graph G, 
XT(G)<~(G) + 2. 
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This is known as the total colouring conjecture and is still unproven. See [3, lo] for 
recent surveys on total colourings. If XT(G) = d(G) + 1, G is said to be type 1 and if 
XT(G) = d(G) + 2, G is said to be type 2. Define the deficiency of a graph G to be 
WG) = oE~G,(4G) - d&>>. 
Following [5], a graph G is said to be conformable if G has a vertex colouring that 
uses d(G) + 1 colours with def( G) > n where n is the number of colour classes with 
parity different from 1 V(G)I. Note that G is type 1, then any subgraph H of G with 
A(H) = A(G) must also be type 1. It was shown in the same paper [5] that if G is 
type 1, then G is conformable, with the converse not necessarily true. For a type 1 graph 
G which is also regular, being conformable simply means that G has a vertex colouring 
with d(G) + 1 colours, where the number of vertices of each colour class is congruent 
to 1 V(G)1 ( mod 2). It was shown in [7] that G is a regular graph of odd order and with 
degree d 2 (d/3)1 V(G)], then G is type 1 if and only if G is conformable, otherwise 
G is type 2. We shall improve the last result by showing that we need only require 
that d>[(J3’;j- 1)/6]lV(G)]. (Note that d/3 z 0.882 and (&?- 1)/6 x 0.847.) 
The proofs are based on ideas developed in [6, 71. The classification of regular graphs 
of even order and high degree into type 1 or type 2 is a much more difficult problem 
and is still unresolved. We are at present unable to adapt the techniques developed in 
this paper to classify regular graphs of even order. 
2. Preliminary results 
We give here some known results which will be needed later. The first result is a 
well-known theorem of Dirac [9]. 
Lemma 1. Let G be a graph with minimum degree 6(G)> iIV(G)I. Then G has a 
Hamiltonian cycle. 
The next result was proved in [4]. 
Lemma 2. Let G be a graph with edge e incident to a vertex w E V(G). Let w be 
adjacent to at most one vertex of maximum degree A(G). If A(G - e) = A(G) then 
x’( G - e) = x’(G) and if A( G - w) = A(G) then x’( G - w) = x’(G). 
Let H be a graph with a matching M = {ui 01, . . . , upup} (p 2 1) and let 
V(H)-{ui,...,u,} = {at,at+i,..., o,}wheret=2p+l-V(H)(<l).Ift=l,then 
M is a perfect matching (or l-factor) of H. If E(H) contains edges only of the form: 
Uiuj with i< j and UiUj with i> 1 or j> 1, we shall say M is an essential matching of 
H. This graph H is first described in [6]. A graph is said to have class 1 structure if 
either it has no edges or it has an essential matching. The following result is a special 
case of a result of Chetwynd and Hilton [6]. 
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Lemma 3. Zf GA has class 1 structure, then G is class 1. 
The next result was first proved in [ 1 l] and later independently in [8] 
Lemma 4. Let G be a graph with d(G)>iIV(G)I. Then x~(G)<d(G)+2. 
3. New results 
We now come to the first result. 
Lemma 5. Let G be a regular graph of order n and degree d. Let w E V(G). Suppose 
G - w has a total colouring that uses d + 1 colours and there is exactly one colour 
k, such that the number of vertices coloured with k is congruent to n - 1 (mod 2). Zj 
each vertex coloured with k is non-adjacent to w, then G is type 1. 
Proof. Let 8 be a total colouring of G-w with the properties stated in the lemma. Let 
nj be the number of vertices assigned with colour j under t3 with nk E n - 1 (mod 2). 
It is possible that there is no vertex coloured with k. For each j distinct from k, 
nj $ I V(G - w>l (mod% and so colour j must be missing from at least one vertex 
of G - w. In G - w, there are d vertices each of degree d - 1 and n - d - 1 vertices 
each of degree d. It follows that there are exactly d colours of 8, with each colour j 
missing from exactly one vertex uj of degree d - 1 in G - w. Note that WUj E E(G) 
and w is non-adjacent to all vertices coloured with k. Let X(wnj) = j for each j # k 
and let n(w) = k. Then 6 U 7-c is a total colouring of G that uses d + 1 colours. 0 
Theorem 1. Let G be a regular graph of odd order ( V(G)1 = 2n + 1 with degree d. 
Let G contain a subgraph 0 = Oi, u . . . U OiS where Oi,, . . . , Oi, are pairwise vertex- 
disjoint null graphs induced by vertices and of odd order il,. . , i,, respectively, with 
ij > 3 for each j and il + . + i, = 2n - d + s. For each vertex v in G, let d’(v) be 
the number of vertices of V(0) - { } v w tc are non-adjacent to v in G. Zf h’ h 
d>max{tIV(G)I + ~s,~IV(G)I + f(s - max,EY(o)d’(v))}, 
then G is type 1. 
Proof. We first choose vertex w such that d’(w) = max&v(o) d’(v). Form a graph G* 
by adding a new vertex v* to G and joining v* to each vertex of V(G) - V(0). It 
is instructive at this stage to outline the proof. We first remove certain edge-disjoint 
matchings from G* - w where some of the matchings misses all vertices in the null 
graphs Oi, in such a way that the core of the resultant graph has class 1 structure and 
by Lemma 3, this resultant graph is class 1. We can then modify an edge colouring 
to obtain a total colouring of G - w that uses only d + 1 colours. Finally, using 
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Lemma 5, we can extend this total colouring of G - w to a total colouring of G using 
d + 1 colours. 
We note that dp (u* ) = d + 1 - S, and dp (0) = d + 1 for each v E V(G) - V(0) 
and dp(u) = d for each u E V(0). Let 
A={xEV(O)/XWEE(G)}, 
A*={xE V(G)-V(O)IX~EE(G)}, 
and also let B = V(0) - (A U {w}) and B* = V(G) - (V(0) U A* U {IV}). The sets 
A, A*, B and B* are pairwise disjoint. Note that A U A* is the set of vertices of V(G) 
which are adjacent to w in G (or in G”) and so IA U A* 1 = d. Note also that B U B* is 
the set of vertices of V(G) - { w w ic are non-adjacent to w in G (or in G*) and } h’ h 
so (B U B*l = 2n - d. Also note that IBI = d’(w) >ii - 122. 
Let 
it(W) = 
1 if w E V(G), 
0 otherwise. 
Then (AUBI = IV(O)-{w}I = 2n-dfs-It(w) and so IAl = 2n-d+s-[Bl-It(w) = 
IB* I + s - K(W). If w E V(Oi,) for some j, then A n V(Oi,) = 0. Thus we may let 
z,,...,& be such that 
with w E V(Oi, ) if w E Y(0). We claim that if s - K(W) 2 2, there are distinct vertices 
ai E A - V(Oi,) (2dj6s - JC(W)). 
(NotethatifACV(Oi,),thenA-V(Gi,)isempty.)For l<j<s-lc(w),letAnV(Gi,)= 
{af,_,+hac,_,+2,. . . , al,} where es = 1. Since IAl as- rc(w)>2, vertices a2,. . , as-K(w) 
exist. Note that a2 E A n V(Oi, ) and so in general, ai E A n V(Oi,, ) for 1 <j’ < 
j<s-K(W). Thus ai E A- V(Oi,) for 2<j<s-K(W). We next note that il+...+i, = 
2n-d+s>3s and sos<(2n-d)/2. Therefore IA*1 =d-IAI>d-(2n-d+s)> 
(5d/2) - 3n > 0. Hence A* is non-empty and contains a vertex, say al. Let vertex 
a E A - {al,. . . , as-K(W)} and A - {a} = A+ with the possibility that A, A+ or a is 
empty. 
We next claim that G* -w has a matching M’ of the form { bu I b E B’, u E A+UB }. 
We note that each b E B* is non-adjacent to w in G* and so A U B has d’(b) - JC(W) 
vertices non-adjacent to b. Thus b is adjacent to IA U BI - (d’(b) - K(W)) vertices of 
A U B. By the choice of w, d’(w) = IBI ad’(b) and so 
IA U BI + K(W) - d’(b) = 2n - d + s - d’(b) 
>2n-d+s-IBI 
= IB*l +s 
2 IB’I + 1. 
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Thus each b E B* is adjacent to at least IB*J vertices of A+ U B, and it follows that 
M’ exists. Later we shall see that after removal of certain matchings, vertices from 
A+ U B U B* become vertices of maximum degree. 
We now consider the subgraph H of G’ - w induced by A+ U B U B*. Let M be a 
maximal matching of H such that M contains M’. Divide A+ U B U B* into two disjoint 
sets L = (~1,. . .,up} and R = {Q,. . . ,u,,} such that M = {ut~t,. . . ,upup} and label u, 
such that Uj E B* for p - jB* I+ 1 <j < p. Let 1 V(H)1 = q. Note that q = 2p+ 1 -t and 
t < 1. Let H’ be the subgraph of G* - w induced by L U R U {v*} and let v* = up+1 
Following [6], we define q pairwise edge-disjoint matchings A4i of the complete graph 
on the vertices of V(H*) as follows: 
Mi = {U~U~_i,U~V~_i,...,UpUp_i,Up+lUpfl-i} if 1 <i<l -t, 
Mi = {~l~i+~-l~~2~i+f-2~~~~~~~(i+r-l~2)J~~(i+t-l/2)]+1} 
U{4+f~t~4+t+l”t+l~~~~ >Up~p-i>Up+l~‘p+l-i } if2-t<i<p+l-t, 
Mi = {Ui-p+t-l~p+l~~i--p+t~p~~~~~~~(~+~-_II2)~~~(i+f--1/2)~+1} if p+2- t6iGq. 
Diagrams illustrating the matchings M, can be found in [6]. The set MI u . . . u My 
consists of all edges of V(H*) except for edges which join ui E L u {u*} to vJ E R 
with i6j and which join Vi to Uj for any i and j. The matchings Mi are chosen 
SO that i + jMi( are as low as possible. It can be verified that [Mi[ < i(q + 2 - i) 
for l<i<q. 
Let 
v(“i,) ifj= 1, 
Yj = 
1 
V(Oi,) U {aj} if 26j<S - K(W), 
v(Oi,) - iwI ifj=sandwE V(Oi,), 
and Y; = YI U {cz~,u*} and Y,! = Y, U {II*} if 2<j<s. Observe that Yi n Yj = 0 if 
i # j and (Y, - {u}) CA+ U B 5 V(H*) for each j. Since al E A*, aI 6 A+ u B. If 
(Yj-{a})nL=0, then(Yi-{a})C{vi~,oi~+l,...,vp} for somej’E{t,t+l,...,p} 
such that Uj’E q-{a}. If(Yj-{a})flL#B, then(Yj-{u})CRU{~~,~~,...,~,,} 
for some j’ E { 1,2,. . . , p} such that Uj’ E Yj - {u}. We define 
if(Yj-{a})nL=0, 
otherwise. 
Observe that if V*Yj E hfk for some k, (that is, L’*Yj = up+lup+l-k or up+luk-p+t-l), 
then from definition of Mk, all vertices of Yj - {Yj} are not incident with any edge 
of Mk. But since yj E V(O), U*Yj 4 E(H* ) and SO all vertices of Yj U {v*} (and 
thus also YJT) are not incident with any edge of ktk fl E(H*) if V*yj E hfk. This fact 
will be used in the construction of more edge-disjoint matchings Fk. We also note 
that IA - {a, ~2,. . . ,u~_~~~~}~ = IA/ - (s - K(W)) = IB*). Therefore, there are distinct 
vertices 
a; E A- {a,~~,..., US-W)} (1 <j<IB*I). 
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We now claim that there are q pairwise edge-disjoint matchings F1, . . . , F4 of G’ - w 
such that, 
(a) (Mk fl (E(H*)) - (F, U . . . U Fk-l U M) = A4f & Fk; 
(b) if k <q - IB* 1 and if U*Yj E A& where yj E Yj, then Fk misses precisely all 
vertices in Yj*; 
(c) if k6q - IB*I and if U*Yj @ Mk for all j E { 1,. . .,s}, then Fk misses 
precisely u*; 
(d) if q - (B’ 1 + 1 <k d q, then Fk misses precisely u;_~+,~. , . 
Note that Fk fl A4 = 8 for each k. Let Tk be the set of vertices of G’ - w that Fk 
misses precisely in (b), (c) or (d). Since G* -w has odd order, we must make sure that 
ITk/ is always odd and no vertex of Tk is incident with any edge of Mk+ as we want 
Fk to contain Mk*. Since Uj $ I’(Oi,) for 1 <j<s - IC(W), and so in (b), /Tkl = Iy;“I 
which is odd. In (c) or (d), ITkl = 1. We next show that Tk n v(hfk nE(H*)) = 8 
which will imply that no vertex of Tk is incident with any edge of A4:. By previous 
remarks, Y,? n V(Mk n E(H*)) = 8 in (b). For p - IB*l + 1 <j<p, we have Uj E B’ 
and SO ujU* E E(H*). Thus if q - IB*l + 1 <k<q = 2p + 1 -t, then ak__p+r_l E B’. 
This means that in (d), Uk_p+t_Iv* E Mk n E(H*) and v(Mk n E(H*)) &B* U {u*} 
and so {~~_,+le~l } n v(h& n E(H*)) = 0. Since kdq - IB*I in (c), u*v’ E Mk for 
some u’ EA+UBG V(O)-(w), and so v*u’ q! E(G*) and {v*}n v(hfknE(H*)) = 8. 
Therefore, we have shown that no vertex of Tk is incident with any edge of Mi. 
We suppose pairwise edge-disjoint matchings FI, . . . , Fk_1 have been constructed 
according to (a) to (d) where 1 <k <q. Let 
Gk-1 = ((G” - w) - (F, U ... UFk-1 Uhf)) - (v(bf;) U Tk) 
which is of even order. We show that G&l has a perfect matching Ck and then let 
Fk = Ml U ck. Clearly then Fk is a matching, edge-disjoint from F1, . . . , Fk- 1 ,hf and 
Fk misses precisely all vertices of Tk and no other vertex of G* - w. We let 
Dk = &Gk-1) - ;Iv(Gk-I)l. 
By Lemma 1, if Dk Z 0, then Gk-r has a Hamiltonian cycle Ci which is necessarily 
of even length. We have 
&= &G.&i) - @(Gk--I)1 
>d - 1 -k - Iv(hf,*)I - [Tkl - ;(2n + 1 - Iv(n/r,*)l - ITkl) 
= d - n - ; - (k + IM;I + jITk/). (1) 
We now give an upper bound on k + IA!; I + i [Tkl according to two cases. 
Case 1: 1 Q k <q - IB* 1. From the previous remarks, Fk (and so M;) misses u* 
andthus Ibf,‘I<IMkI-l<~(q+2-k)-l=~(q-k). Weclaimthat lTkl<(BI+3. 
We need only consider the case when Tk = Yr for some j as I Tkl = 1 for the other 
cases. Then ITk I <ij + 2 for 16 j <s. By the choice of w, d’(w) = IBI B ij - 1, and SO 
ITkI<IBI+3. NOW q= IA+UBUB*~ and we claim that qd(AUBUB*I+!c(w)- 1. 
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exists and q= IAuBuB*I - 1. 
we have 
lTkl 1 I4 + 3 k$lM,‘I-c-y <2(4+Q+2 
< +(q + q - IB*l + IBI + 3) 
6 IAl + (BI + IB*l + K(W) - 1 + ;(-IB*I + IB( + 3) 
= IAl + IBI + K(W) + ;<IB*I + IBI + 1) 
=2n-d+s+;(2n-d+1) 
=34d+s+& 
Therefore from inequality ( 1 ), 
&>d-n-;-(3+d+s+$) 
=:d--4-s-2 
>O 
Case 2: q - 1B’l + ldk<q. We note that Irk] = 1, IM{I<i(q+2 - k) and from 
Case 1, q<jAUBUB*I+Ic(w)- 1. Thus 
k+IMJ+m<+q+k+3) 
2 ‘2 
<q+; 
< I.41 + IBI + IB* I + K(W) - 1 + ; 
=2n-d+s+IB*l+; 
=2n-d+s+(2n-d-IBI)+i 
= 4n - 2d + s - IBI + 4. 
Therefore from inequality ( 1 ), 
Dk ad - n - ; - (4n - 2d + s - IB[ + ;) 
=3d-5n+IBI-s-2 
20 
as d > 21 V(G)1 + (s - IBl)/3. 
Thus in Cases 1 and 2, G&r has a Hamiltonian cycle CL of even length and choose 
Ck to be a set of alternate edges of CL. Clearly Ck is the desired perfect matching and 
we let Fk = Mt U ck. This shows that the matchings FI, . . . , F4 exist. 
We next consider the graph 
G+ = ((G’ - w) - (F, u . u F,)) - {II*}. 
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To determine the degree of each vertex in Gi, we first note that V(G+) = A u A* u 
BUB*, and if v E AUA*, then VW E E(G*) and if v E BUB*, then VW $! E(G*). Each 
v E A+ is missed by precisely two matchings from {Fi, . . . ,Fq}, one as a vertex in Oi, 
and two as aj or ai for some j, and so do+(v) = d - 1 -(q - 2) = d + 1 -4. As both 
a (as a vertex in Oi,) and al are each missed by precisely one Fk, we have de+(a) = 
dc+(al) = d - q. Now each v E B, as a vertex in Oi,, is missed by precisely one Fk 
and u is non-adjacent to w in G* and so de+(v) = d + l-q. Each v E B* is not missed 
by any Fk and also vu* E My c Fj for some j, and so we have de+(v) = d + 1 -4. If 
v E A* - {al}, then v is not missed by any Fk and so de+(v) = d - 1 - q. Therefore 
the set of vertices of maximum degree in Gf is A+ U B U B*. By the construction of 
Fi ,...,F,, we have (Ml U...UM,)C(Fi U... UF,) and Fk flM = 8 for each k and 
so the core of Gf has essential matching M and has class 1 structure. By Lemma 3, 
G+ is class 1. Let J = {j 1 Fj misses precisely v* }. Clearly the graph 
G+U{F~~~EJ}=((G*-~)-{F~~~E{~,...,~}-J})-{U*) 
is also class 1. We next consider the graph 
G’=(G*-w)-{FjIj~{l,...,q}-J}. 
We note that the set {Fj 1 j E {l,...,q} -J} consists of matchings which either 
misses v* besides other vertices or has an edge of the form uv*, where u E B* 2 L. 
Thus alv* E E(G’) and if v E A+ U B U B* U {al}, then 
dct(v) = d + 1 - q + IJI = d + 1 - q + (q - IB*I -8) 
=d+ 1 -s- IB’l. 
Similarly if v E A* - {al}, then vu’ E E(G’) and so de/(v) = d-s- IB*l. To determine 
dp(v*), we need to find the number of matchings Fk each saturating v* are removed 
from G*. This number is precisely IB*I and since w has been removed in G’, we have 
dcr(v*) = dc*(v*) - (IB*I - K(W) + 1) 
=d+ic(w)-IB*l-8. 
Thus all vertices of maximum degree in G’ come from A+ U B U B* U {a,, v*}. 
Since v* is adjacent to one vertex of maximum degree in G’, namely vertex al, and 
d(G’ - {v*}) = d(G’), and so by Lemma 2, G’ is class 1. 
Let z be an edge colouring of G’ that uses d + 1 - s - IB* I colours. We now form 
a total colouring 9 of G - w that uses d + 1 colours as follows: 
e(e) = n(e) if e E E(G) rT E( G’); 
O(v) = TC(VV*) if vv* E E(G’); 
O(e) = k if e E E(G) n Fk; 
6(v) = k if v E B* and vu* E Fk; 
0(v) = k if v E V(O,,) fl (V(G) - {w}) which is missed by Fk in (b). 
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Note that we need only to introduce IB*I + s extra colours. It can be checked that 8 
is indeed a total colouring of G - w. 
Finally, we show that conditions of Lemma 5 are satisfied. If wu* E E(G*), then 
dcl (u* ) = d -s - IB* ( and so there is a colour k missing from u* in the edge colouring 
r-r of G’. If WD* $ E(G* ), then there is a matching, say Fk which misses precisely all 
vertices of (V(O,,) - {w}) U {1;*} w ere w E V(OiS). This means that under 0, the h 
number of vertices coloured with k is always even (0 if wu* E E(G*)) and each of 
these vertices is non-adjacent to w. For each j # k, the number of vertices assigned 
with colour ,j under (3 is always odd. Thus by Lemma 5, G is type 1. 0 
Corollary 2. Let G be a regular graph of odd order ( V(G)1 = 2n + 1 with degree d. 
Let G contain a subgraph Oi, U. . U Oi, where Oi, , . . , Oi, are pairwise vertex-disjoint 
null graphs induced by vertices and of odd order il,. . , i, respectively with ij >, 3 for 
each j and il +...+i, =2n-d+s. Ifd>[(fl- 1)/6](V(G)I, then G is type 1. 
Proof. Let d’(u) and B be as in the proof of Theorem 1 and so IBI = maX& V(G) d’(u). 
By Theorem 1, we just need to show that 
damax{$IV(G)I + zs,$V(G)J +(s - lBl)/3}. 
We first give a lower bound on IB( using a simple counting argument. 
u E V(O), there are 2n - d vertices of V(G) - {II} that are non-adjacent to 
C d’(v) = (2n - d)I V(O)1 
vE V(G) 
and therefore 
For each 
o. Thus 
IBl = maXuEV(G) d’(u)> 
(2n - d)(2n - d + s) 
2n+l ’ 
As il +. . . + i, 3 3s, we have s 6 (2n - d)/2 and so 
s _ ,B, <s _ (2n - 4(2n - d + 8) 
\ 2n + 1 
= (2n - d)(3d + 1 - 4n) 
2(2n+l) . 
Note that we have the inequality d 2 2 I V(G)1 + (s - IBI )/3 if 
dai(2nt 1)+ 
(2n - d)(3d + 1 - 4n) 
6(2n+l) . 
After multiplying and simplifying inequality (2) we have the inequality 
3d2+d(2n+7)-(12n2+22n+5)>,0. 
(2) 
(3) 
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Inequality (3) holds if 
d 2 i (J(2n + 7)2 + 4.3( 12n2 + 22n + 5) - (2n + 7)) 
Thus 
d>+/V(G)/>i (2\/5?(n+i) -(2n+7)) 
implies that d 2 iIV(G)I + (s - lB1)/3. 
Finally, we verify that d > : ] V(G)1 + gs. We have 
d - #V(G)1 + fs) >d - 92n + 1) - ;((2n - d)/2) 
= :d-2n- $ 
20 
as d>[(m- 1)/6])V(G)I. 0 
We are now ready to state the result mentioned in the abstract. 
Theorem 3. Let G be a regular graph of odd order and with degree d > [(m - 1)/6] 
1 V(G)I. Then G is type 1 if and only if G is conformable; otherwise G is type 2. 
Proof. Since (v% - 1)/6 > i, it follows from Lemma 4, that XT(G) 6 d + 2 and so 
G is type 1 or type 2. Suppose G is conformable. Then G has a vertex colouring that 
uses d+l colours ci,...,cd+l with the number ij of vertices coloured cj is always odd 
for each j. If G is complete, then we can use the proof of Theorem 1 by introducing a 
new vertex v* to G and joining v* to all vertices of G to form G* which is a complete 
graph of even order. It is well-known that G’ has an edge colouring that uses d + 1 
colours, and as in the proof of Theorem 1, we can easily modify this edge colouring 
of G’ to get a total colouring of G using d + 1 colours. We thus assume that for some 
s,ij>3 for l<jQsandij= 1 fors-tldj<d+l.Thenii+.~.+i,=2n-d+sand 
so G contains a subgraph O,, U . . U Ois where Oi, . . . , O,, are pairwise vertex-disjoint 
null graphs induced by vertices and of odd order ii,. . , is respectively. By Corollary 2, 
G is type 1. Conversely, suppose G is type 1 and so it has a total colouring rc that uses 
d + 1 colours. But 7c is also a vertex colouring of G with an odd number of vertices 
having the same colour. Thus G is conformable. This proves the theorem. ??
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